The B s → D ( * )± s K ∓ decays allow a theoretically clean determination of φ s + γ, where φ s is the B 0 s -B 0 s mixing phase and γ the usual angle of the unitarity triangle. A sizable B s decay width difference ∆Γ s was recently established, which leads to subtleties in analyses of the B s → D ( * )± s K ∓ branching ratios but also offers new "untagged" observables, which do not require a distinction between initially present B 0 s orB 0 s mesons. We clarify these effects and address recent measurements of the ratio of the
Introduction
s mixing phase and γ the corresponding angle of the unitarity triangle. As φ s can be extracted separately, with the latest experimental average given by [3] φ s = −2.5
γ can be determined. The central question is then whether this value will agree with γ determinations from decays with penguin contributions, such as the [4] . The current picture of direct determinations of γ from tree decays can be summarized as follows:
• (CKMfitter Collaboration [5]) (76 ± 10)
• (UTfit Collaboration [6] ).
On the other hand, a recent analysis of the B
where the error also takes SU (3)-breaking corrections into account [7] .
In the present paper, we assume that the relevant decay amplitudes are described by the Standard Model (SM). Applying the formalism developed in Ref. [2] , we shall explore the B s → D ( * )± s K ∓ channels both in view of recent experimental developments and measurements to be performed by the LHCb collaboration in this decade.
Using the B 0 s → J/ψφ channel, the LHCb experiment has recently established a non-vanishing decay width difference of the B s -meson system, which is characterized by the following parameter [8] :
Here τ −1
H /2 = (0.6580 ± 0.0085) ps −1 [8] denotes the inverse of the B s mean lifetime τ Bs . A discrete ambiguity could also be resolved [9] , thereby leaving us with the sign of ∆Γ s in (4), which is in agreement with the SM expectation (for a recent review, see [10] ).
This new development in the exploration of the B s -meson system has important consequences:
• Untagged B s decay data samples, where no distinction is made between initially, i.e. at time t = 0, present B 0 s orB 0 s mesons, allow for an extraction of interesting observables [2] . 1 We use the notation B s = ( -) B 0 s .
• A subtle difference arises between the branching ratios extracted experimentally, and those usually considered by theory [11] .
First measurements of the B s → D ± s K ∓ branching ratios are available from the CDF [12] , Belle [13] and LHCb [14] collaborations:
The time-dependent, untagged B s → D ( * )− s K + rate into the CP-conjugate final state can be straightforwardly obtained from (6) by replacing A ∆Γ with A ∆Γ . The latter observables take the form (8) where L denotes the angular momentum of the final state 2 , the hadronic parameter x s ∝ R b quantifies the strength of the interference effects between the B 0
s mixing, and δ s is an associated CP-conserving strong phase difference [2] ; the parameter R b ∝ |V ub /(λV cb )| ∼ 0.4 measures one side of the unitarity triangle.
The branching ratios of B s decays are determined experimentally as time-integrated untagged rates [11, 15] :
On the other hand, the branching ratio corresponding to the untagged rate at t = 0, where
s mixing is "switched off", is usually considered by theorists. The conversion between this theoretical branching ratio and the experimental branching ratio is given as follows [11] :
where an analogous expression involving A ∆Γ holds for the D ( * )− s K + final states. It is interesting to note that we have
thanks to (7), which implies
Consequently, an established difference between the experimental B s → D
− branching ratios would imply a difference between the A ∆Γ and A ∆Γ observables (see also Ref. [16] ):
.
In order to relate theory to experiment beyond an accuracy corresponding to the size of y s ∼ 0.1, we need theoretical input to determine A ∆Γ and A ∆Γ . In Section 3, we will 2 For simplicity, we did not introduce a label to distinguish between D see that this results in large uncertainties for these observables. However, this input can be avoided with the help of the effective decay lifetimes [11] , defined as
with an analogous expression for the lifetimes τ eff of the CP-conjugate D
and correspondingly for the D 
with an analogous expression for BR(
The "factorization" of hadronic matrix elements is expected to work well for the amplitudes of theB [17] [18] [19] [20] [21] [22] , which is also supported by experimental data [23] . In Fig. 1 , we illustrate the decay topologies characterizing these decays. Using the SU (3) flavour symmetry to relate theB
− channel (and correspondingly for the CP-conjugate processes), the ratio of the theoretical branching ratios in (17) allows the extraction of the hadronic parameter x s , as discussed in detail in Ref. [2] :
Here
involves the Wolfenstein parameter λ ≡ |V us | = 0.2252 ± 0.0009 [24] , while the C ( * ) coefficient can be written in the following form:
where the Φ are straightforwardly calculable phase-space factors, and
describes factorizable SU (3)-breaking corrections through the ratios of decay constants f K /f π = 1.197 ± 0.006 [24] and form factors.
3 On the other hand, the non-factorizable SU (3)-breaking corrections affecting the ratio of the colour-allowed tree amplitudes governing theB
Finally, N ( * ) E takes into account that theB 
Following the phenomenological analysis of Ref. [23] using experimental data to make factorization tests and to constrain the exchange topologies, we find N (5) and comparison with the lower bound in (26) . The theoretical prediction indicated by the vertical band corresponds to (63) as given in Section 5.
, which receives only contributions from such topologies [2] . Finally, we obtain the numerical value
Using now (8) and (17), we arrive at
where x s was defined as a positive parameter [2] . For the numerical values of φ s and γ in (1) and (3), respectively, the CDF result in (5) gives x s = 0.46 ± 0.27 (BR) ± 0.11 (C) ± 0.04 (δ s ). This value for x s is consistent with theoretical expectations [2] and the picture discussed in the next section. On the other hand, the central values of the LHCb and Belle results in (5) do not give real solutions for x s . The requirement that the argument of the square-root in (25) is positive can be converted into the following lower bound:
which is shown in Fig. 2 . We observe that the LHCb result for the ratio of branching ratios would need to increase by about two standard deviations to satisfy this bound and to give a real solution for x s .
In the next section, we shall use data from the B factories to obtain a sharper picture of the hadronic parameters, including the CP-conserving strong phases δ s . 
These relations assume exact U -spin symmetry; the impact of possible corrections will be addressed below. The BaBar [26] and Belle [27] collaborations have performed measurements which allow us to constrain the hadronic parameters |x d | and δ s . For the B d → D ± π ∓ system the following constraints have been extracted from studies of CP-violating effects [3] :
A corresponding analysis of the
where we have used the label V to distinguish the vector D * system. In order to convert these experimental results into |x d | and δ d , we assume the value for γ in (3) with the B 
with the help of the SU (3) flavour symmetry [28] . Using the notation of Ref. [23] , we write
where
In analogy to (20) , the Φ are are phase-space factors, while
and
describe factorizable and non-factorizable SU (3)-breaking effects, respectively. The N E factor takes into account thatB
+ has a contribution from an exchange topology, which does not have a counterpart in theB
We then obtain the following additional constraint for x d :
For the numerical analysis, we use the ratio of decay constants f Ds /f D = 1.25 ± 0.06 [24] and the form-factor ratio FB
Ds ) = 0.9771 ± 0.0009, where we have applied the evolution equation for theB
+ form factor given in Ref. [29] . For the decays entering (32), factorization is not expected to work well. Indeed, following the approach discussed in Ref. [23] , we extract |a 1 (D + s π − )| = 0.68 ± 0.12 from the experimental data, while factorization would correspond to a value around one. Unfortunately, an analogous factorization test forB
We allow for 20% SU (3)-breaking effects for the non-factorizable contributions, i.e. for the deviation of |a 1 | from one, leading to N a = 1.0 ± 0.2.
In order to estimate the importance of the exchange contribution, we apply the SU ( 
Consequently, we estimate N E ∼ 1.0 ± 0.2. In comparison with the value of N E ∼ 0.97 ± 0.08 given after (23), this range is larger. Although the exchange topologies entering both quantities are estimated to have similar absolute size, the analysis performed in Ref. [23] indicates a large angle between the E and T amplitudes, which reduces the impact of E on the amplitude ratio in N E . Using finally also the experimental branching ratio BR(B [24] , the relation in (37) gives
This value is consistent with the results for x d given in Ref. [30] . Combining (39) with (28) and (29) allows, in principle, the determination of φ d + γ and δ d up to discrete ambiguities. Unfortunately, a corresponding numerical fit leaves these parameters still largely unconstrained. • ,
where the errors give the 68% confidence level for each parameter. The χ 2 /n dof is 0.53 and 0.00 for the non-vector and vector decays, respectively. In Fig. 3 , we show the corresponding 39%, 68% and 95% confidence level regions in the δ d -|x d | plane. Note that the constraint in (39) considerably reduces the uncertainty of the |x d | parameter for the non-vector decay.
Using (27) , we hereby find
x V s = 0.47
where we allow for SU (3)-breaking effects of 20% for the x (V ) s parameters and ±20
• for the strong phases. In later applications of these results, the uncertainties associated with the x
parameters and the SU (3)-breaking effects will be combined in quadrature. Before using the hadronic parameters given above to predict the observables of the B s → D ( * )± s K ∓ decays in Section 5, which serve as input for an experimental study, let us first discuss the extraction of φ s + γ from these channels, with a special emphasis on multiple discrete ambiguities and their resolution.
Extraction of φ s + γ and Discrete Ambiguities
For the extraction of φ s + γ from the B s → D ( * )± s K ∓ system, it is necessary to measure the following CP asymmetries from time-dependent, tagged analyses:
an analogous expression holds for the CP-conjugate D ( * )− s K + final states, where C, S and A ∆Γ are simply replaced by C, S and A ∆Γ , respectively. The observables take the following form [2] :
which complement the expressions for A ∆Γ and A ∆Γ in (8) .
For the following discussion, it is convenient to introduce the observable combinations
as well as
Finally, we obtain
which results in an eightfold solution for φ s + γ. This is the "conventional" extraction of this quantity [1, 2] . As was pointed out in Ref. [2] , the observable combinations
Re Im Figure 4 : Illustration of the complex numbers (A ∆Γ + iS) and (A ∆Γ + i S) with lengths √ 1 − C 2 in the complex plane. Left panel: illustration of the conventional extraction of φ s + γ and the associated eightfold discrete ambiguity (see (51)). Right panel: illustration of the reduction of the discrete ambiguity to a twofold one through the untagged observables A ∆Γ and A ∆Γ (see (54)).
can be combined with the mixing-induced CP asymmetries S ± to derive the relation
which allows the extraction of φ s + γ up to a twofold ambiguity; moreover, we have
The final ambiguity can be resolved from factorization arguments, where we expect 
Combining this with (48), the sign of sin(φ s + γ) can then be determined. Thus, under reasonable assumptions, the extraction of φ s + γ is unambiguous. It is instructive to illustrate these features, which can be hidden in a global experimental fit (see Section 5). As the observables satisfy
and are hence not independent, only two of the three observables for each of the final states of the B s → D ( * )± s K ∓ system are needed for the determination of φ s + γ. We introduce the complex numbers
which, as C = −C (see (45)), have the same absolute value and thus span the same circle in the complex plane. The weak phase φ s + γ corresponds to the polar angle of a complex number that lies exactly between (59) and (60), with an equal angular distance of δ s to both. Let us first have a look at the conventional strategy, which does not use the information provided by the untagged A ∆Γ , A ∆Γ observables. The C and C then fix a circle in the complex plane, while the mixing-induced CP asymmetries S, S fix the component in the imaginary direction. As illustrated in the left panel of Fig. 4 , this results in an eightfold discrete ambiguity for φ s + γ. On the contrary, as shown in the right panel of Fig. 4 , if the mixing-induced CP asymmetries are measured together with the untagged observables, the discrete ambiguity is reduced to a twofold one, which can be fully resolved as discussed above. Consequently, the optimal observable sets for the extraction of φ s + γ are S, S and A ∆Γ , A ∆Γ . Another important advantage of these observables is not only that they depend linearly on x s -in contrast to C, C and the determination of this parameter through (25) -but that x s drops out in (54) and (55). Interestingly, as we will see in the next section, both observable sets can be accessed with similar precision at LHCb: the extraction of the untagged A ∆Γ , A ∆Γ observables relies on the B s decay width parameter (4), while the measurement of the S, S observables requires the tagging of the flavour of the initially produced B 
Experimental Prospects
The hadronic parameters determined in Section 3, with the phases in (1) and (3), allow us to make predictions of the observables of the B s → D 5 Their relation to the complex observables ξ and ξ defined in Ref. [2] is given by 2 ξ/(1 + |ξ| 2 ) = A ∆Γ + i S and 2 ξ/(1 + |ξ| 2 ) = A ∆Γ + i S, respectively. 
observables for various data samples as determined from our toy study. The difference in sensitivity of A ∆Γ + , A ∆Γ − is due to a correlation between A ∆Γ and A ∆Γ of 0.5 observed in our toy simulations. 
±0.021
Furthermore, our predictions for the branching ratio observables (5) and (13) are
= 0.0864
respectively. The prediction in (63) is compared to the current experimental results in Fig. 2 . Similarly, we predict for the vector decays:
= 0.099
To estimate the experimental sensitivity for the observables, a simple Monte Carlo simulation has been performed, using as theoretical input the central values x s = 0.311, δ s = −35
• (see (42)), ∆m s = 17.72 ps −1 [31] , y s = 0.088 (see (4) ) and γ + φ s = 65.5
• (see (1) and (3)). A global fit to the decay distributions then simultaneously determines the observables given in (61). Experimental data sets are simulated assuming approximate detector performance, as discussed in Ref. [31] by the LHCb collaboration, corresponding to a decay-time resolution of 50 fs, a flavour tagging efficiency of 38%, and a wrong-tag probability of 34%. The sensitivity is estimated for data sets that would correspond to about 1100 events per fb −1 of collected integrated luminosity [14] , selecting only B s candidates with a lifetime of t > 0.5 ps. Systematic effects, such as the presence of background events, are ignored in this study.
In the toy simulation, the observables listed in (61) are determined from a fit to the decay distributions from 3500 simulated B s → D ± s K ∓ events corresponding to the approximate data sample that can be collected by the LHCb experiment by the end of 2012. The fit is repeated for 2000 different data sets, resulting in an estimate for the sensitivity for the observables, which is comparable to the accuracy of the prediction itself. In Table 1 , the statistical uncertainties for the observables are listed for data samples corresponding to the expected integrated luminosity of the LHCb experiment at the end of 2012, before the upgrade, and after the upgrade. In our toy simulations an average correlation of 0.5 was observed between the A ∆Γ and A ∆Γ observables, which is taken into account in the fits below; the correlations between the other CP observables is found to be negligible.
As a final step, these estimated experimental uncertainties for the observables A ∆Γ , S, C and their CP conjugates can be translated into a determination for γ. Using only S, S and C, C following the "conventional" approach described by (51), the experimental sensitivity is not sufficient to determine γ for a data sample of about 3500 events, which can be collected by the end of 2012. A factor five increase in data size, corresponding to the end of the current LHCb experiment, would result in a sensitivity of γ + φ s = (65.6 +17 −26 )
• if the solution around the input value for γ is selected. 
are used separately, the 2012 data sample corresponds to experimental sensitivities for γ + φ s of ±24
• and ±29
• , respectively; see the left panel of Fig. 5 . In Fig. 6 , we illustrate the extraction of γ + φ s from S + and A ∆Γ + by means of the first relation in (54). Finally, combining all the observables, i.e. A ∆Γ , S and C with their CP conjugates, improves the sensitivity to ±17
• , as illustrated in the left panel of Fig. 7 . With increasing data samples, shown in the middle and right panels of Figs. 5-7, the precision on the measurement of γ + φ s is expected to increase to about ±7
• (3
Moreover, making experimental simulations, we have shown that the interplay between the untagged observables A ∆Γ , A ∆Γ and the tagged CP asymmetries S, S is actually the key feature for being able to measure φ s + γ through the B s → D ( * )± s K ∓ decays at LHCb. In this sense, the favourably large value of ∆Γ s is a present from Nature.
